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ROTATING ELASTIC BODIES IN EINSTEIN GRAVITY
LARS ANDERSSON†, ROBERT BEIG‡, AND BERND G. SCHMIDT
Abstract. We prove that, given a stress-free, axially symmetric elastic
body, there exists, for sufficiently small values of the gravitational constant
and of the angular frequency, a unique stationary axisymmetric solution to
the Einstein equations coupled to the equations of relativistic elasticity with
the body performing rigid rotations around the symmetry axis at the given
angular frequency.
1. Introduction
In the paper [1], we constructed for the first time static, self-gravitating elas-
tic bodies in general relativity with no symmetries. Here we build on the ideas
and techniques introduced in that paper to construct solutions to the Einstein
equations describing steady states of self-gravitating matter in rigid rotation.
The matter model we use is, as in [1], that of a perfectly elastic solid. We
make the minimal symmetry assumptions necessary for a steady state in rigid
rotation, namely we assume that the reference body has an axis of symmetry.
Further, we assume that the elastic material is isotropic. This condition, which
was not needed in the static case, is necessary for our construction in the case
of a rotating body.
The only class of solutions to the stationary Einstein equations with rotating
matter previously known are the rotating perfect fluid solutions constructed by
Heilig [9] for a certain class of equations of state. In the Newtonian theory,
existence of steady states of self-gravitating perfect fluids in rigid rotation was
established by Lichtenstein, see [8] for a modern presentation, and by Beig and
Schmidt [5] for the case of elastic matter. All these solutions, including the
ones constructed in the present paper are in addition to being stationary, also
axisymmetric.
In the Newtonian theory, two families of non-axisymmetric rotating fluid
configurations in explicit form are known, see [15] and references therein. These
families of solutions are the Dedekind ellipsoids, and the Jacobi ellipsoids, which
in the language of general relativity have helical, but no stationary or axial
symmetry.
One expects asymptotically flat rotating solutions of the Einstein equations,
which are not axially symmetric to be radiating, and hence non-stationary.
Date: November 6, 2008.
† Supported in part by the NSF, under contracts no. DMS 0407732 and DMS 0707306
with the University of Miami.
‡ Supported in part by Fonds zur Fo¨rderung der Wissenschaftlichen Forschung project no.
P20414-N16.
1
2 L. ANDERSSON, R. BEIG, AND B. SCHMIDT
However, if one relaxes the condition that asymptotic flatness holds in the
usual sense, it may be possible to construct helically symmetric solutions of the
Einstein equations which are not axially symmetric. See [2] for a study helically
symmetric solutions in the special relativistic case. An argument to the effect
that axisymmetry necessarily holds for a rotating fluid in general relativity was
given by Lindblom [14], assuming that the fluid is viscous.
Equilibrium states of fluids or collisionless matter play an important role in
astrophysics, providing the basic models of stars and galaxies. Depending on
the equation of state, or in the case of collisionless matter, on the properties
of the distribution function, a steady state may describe a compact body, or
a configuration where the matter density is nowhere vanishing. Typically, the
objects of interest are compact.
In addition to fluids and collisionless matter, elastic bodies are of considerable
interest in astrophysics in view of the fact that there are strong theoretical
reasons for supposing that neutron stars have a solid crust, modelled by elastic
matter, cf. e.g., [10, 6, 7]. The solutions which have been constructed in the just
mentioned papers are all spherically symmetric, although perturbation analyses
have been carried out, allowing for axial perturbations breaking the spherical
symmetry [11].
1.1. Rotating bodies in elasticity. Elastic matter is, as discussed in section
2.1 below, described by a map fA from spacetime to a three dimensional mani-
fold, called material manifold or body, whose points label the particles making
up the elastic continuum, and which is taken to be a connected, bounded do-
main in flat R3.
In considering a rotating steady state, it is important to distinguish between
the microscopic and macroscopic degrees of freedom. The microscopic degrees
of freedom of the elastic matter are described by the configuration fA, while
the macroscopic aspects are described by the stress energy tensor generated
by the matter, and the metric of the spacetime containing the body. For a
rotating body in equilibrium, it is the case that the stress energy tensor, as
well as the spacetime metric are stationary, i.e. invariant under the flow of a
Killing vector ξµ∂µ = ∂t, called the stationary Killing vector, while the matter
particles, described by the configuration map, are in motion relative to ∂t.
As mentioned above, the rotating bodies we construct are axially symmetric.
In particular, the spacetime containing the body admits a Killing field ηµ∂µ =
∂φ, called the axial Killing vector, which commutes with ξ
µ. In addition, there
is a constant Ω, the angular frequency of rotation, such that the matter particles
move along the helical orbits of the Killing vector ξµ+Ωηµ, i.e. the configuration
fA is constant along the flow of the helical field.
It is nevertheless the case, assuming axisymmetry of the configuration, and
that the elastic material is isotropic and frame indifferent, cf. section 2.1,
that all spacetime tensors naturally derived from the configuration are both
axisymmetric and stationary. This applies for example to the matter flow vector
induced by the configuration, the stress tensor or, in fact, to the full stress
energy tensor.
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We now briefly describe the method used in this paper. Consider a Cauchy
surface M transverse to the stationary Killing field. The equations for the
gravitational field variables are derived by imposing the condition of stationarity
and restricting the Einstein equations, reduced in harmonic gauge, to M . No
axisymmetry condition is imposed at this stage.
The Einstein equations imply, via the Bianchi identity, a set of equations for
the matter variables. These equations are derived by considering a configuration
which is comoving with respect to the helical flow, and restricting to M . Here
the axial vector field ηµ is assumed to be specified in advance. There are, a
priori, four matter equations for the three unknowns fA. We deal with this
problem by simply dropping one of the four equations. It turns out, however,
that this supplementary equation follows from the others when ηµ is Killing, as
is the case for a solution to the system derived by the above procedure.
The resulting coupled system of equations, assuming standard constitutive
conditions for the elastic material, is elliptic for suffiently small values of Ω.
The system depends on the parameters G and Ω. We look for solutions to this
system for small, nonzero, values of G,Ω, near the background solution given
by taking the spacetime to be Minkowski, the configuration to be stressfree and
the Newton constant G and Ω to be both zero.
The boundary between the matter region and the vacuum region depends on
the unknown configuration. To deal with this problem we write the equations in
material form in a way analogous to [1] and apply the implicit function theorem.
This can not be done directly due to the failure of the linearized operator to
be invertible. This is a standard problem for elasticity with natural boundary
conditions, i.e. vanishing normal stress at the boundary. Following [1], what
we actually solve is a projected version of the field equations, such that the
implicit function theorem does apply. One must then show, as in fact turns out
to be the case, that the solution to this projected system is actually a solution
to the full system.
So far the vector field ηµ was essentially arbitrary except for the condition
that it commute with ξµ. In order to ensure that ηµ is a Killing vector, we now
assume that the material manifold is axisymmetric as a subset of Euclidean R3
and that ηµ is the pull back of the axial vector field on the body under the
trivial configuration. It then follows by uniqueness that the vector field ηµ is a
Killing vector.
It now remains to show that the solution found by the implicit function ar-
gument satisfies the Einstein equations. In particular, the gauge conditions
must be satisfied and the elastic equation must be valid in its original form.
This condition is equivalent to the condition that a certain linear system of
equations coming from the Bianchi identities has only the trivial solution. In
fact, the linear system under discussion is homogenous precisely because the
Killing nature of ηµ guarantees that the above mentioned supplementary equa-
tion is satisfied, provided that the main elastic equation is valid. The rest of
the argument follows essentially the pattern of [1].
1.2. Outline of the paper. In section 2.1, we give some background on rel-
ativistic elasticity. Section 2.3 introduces stationary metrics and defines the
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field variables hik, U, ψi used to parametrize the spacetime metric. In contrast
to the static case, there is a further component ψi of the gravitational field,
corresponding to the failure of ξµ to be hypersurface orthogonal in general.
Next, in section 2.4, the stationary Einstein equations are written in terms of
the field variables just introduced, this corresponds effectively to performing a
Kaluza-Klein reduction.
The field equations imply a set of integrability conditions, which are derived
in section 2.5. One of these identities is the elasticity equation, which is later
used as one of the set of equations to be solved using the implicit function
theorem. The rotation of the elastic body is introduced in section 2.6. This
is done by choosing a spacelike vector field ηµ∂µ which commutes with the
stationary Killing vector ξµ and assuming that fA,µ (ξ
µ+Ωηµ) be zero. It will
later turn out that ηµ is actually the axial Killing vector.
In section 2.7, the stress tensor is expressed in terms of the geometric variables
and the configuration fA. In particular, this allows us to write the components
of the stress energy tensor in terms of the field variables, and obtain (2.37), the
basic PDE system for hik, U, ψi, f
A. As some of the equations are not elliptic
we use, as in the static case, harmonic coordinates to extract an elliptic system.
In the stationary case, it is necessary to make explicit use also of the condition
that the time function be harmonic, cf. section 2.8. Finally, we have reduced
the field equations to an elliptic free boundary value problem in space. In order
to avoid dealing directly with the free boundary aspect of the problem, we
move all equations to the body. This is done in section 2.9, following closely
the procedure in [1]. The final details needed to completely specify the PDE
problem to be solved are introduced in section 2.10. There we introduce the
relaxed state and a flat metric on the body. We assume that the shape of the
body is axi–symmetric and use the relaxed configuration to define the vector
field ηi in space. We also introduce the assumption that the elastic material is
isotropic.
As in the static case considered in [1], we must consider a projected system in
order to be able to apply the implicit function theorem. The analytical aspects
of this problem are considered in section 3. The solution to the projected system
is then shown in section 4 to be a solution to the full set of field equations in
the body frame, and to be axisymmetric. In section 4.1, we move the projected
equations and solutions back to space. The vector field ηi is proved to be a
Killing field in section 4.2.
In section 4.3, we derive some divergence identities play an essential role in
the equilibration argument. This leads up to the main theorem 4.6, which is
stated and proved in section 4.4. In particular, we prove that the harmonic co-
ordinate conditions are satisfied for the solution of the reduced system that has
been constructed, and hence that we have solved the full set of field equations.
The spacetimes constructed in Theorem 4.6 have an isometry group R× S1
generated by the commuting Killing fields ξµ, ηµ. For spacetimes with two
commuting Killing fields, it was first proved by Papapetrou [17] in vacuum
and by Kundt and Tru¨mper [13] for fluids, that orthogonal transitivity holds.
Recall that orthogonal transitivity is the condition that the distribution of
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2-surface elements perpendicular to the generators of the symmetry group is
surface forming. This condition is used for constructing Weyl-type coordinates
which play a dominant role in attempts in the exact solution literature to find
rotating body solutions, see [18] and references therein.
In section 4.5, we establish that for the spacetimes constructed in theorem 4.6,
the distribution defined by the 2–surface elements orthogonal to the group orbit
for the action of the stationary and axisymmetric Killing vector is integrable. In
the case of a smooth spacetime, where the Frobenius theorem applies directly,
this fact implies that orthogonal transitivity holds, i.e., that there are 2-surfaces
perpendicular to the generators of the symmetry group. In the present case,
however, this step needs further analysis which we defer to a later paper.
2. The field equations of a rotating, self-gravitating elastic
body
2.1. Relativistic elasticity. Let (M, gµν) be a 3+1 dimensional spacetime.
The body B is a 3-manifold, possibly with boundary. We shall consider the case
when B is a bounded domain in the extended body R3
B
. The body domain B is
assumed to have a smooth boundary. In this paper, we shall only consider the
case where B is connected. The fields considered in elasticity are configurations
f :M→ B and deformations φ : B →M, with the property that f ◦ φ = idB.
Let t be a time function on M and introduce a 3+1 split M = R × M .
We consider coordinates (xµ) = (t, xi) on M, where xi are coordinates on the
space manifold M . On R3
B
we use coordinates XA. The body B is endowed
with metric δB and a compatible volume form VABC . We assume that in a
suitable Cartesian coordinate system δB has components δAB where δAB is the
Kronecker delta, and V123 = 1.
The configuration f :M→ B is by assumption a submersion. The derivative
of f is assumed to have a timelike kernel, i.e. there is a unit timelike vector
field uµ on f−1(B) with uµuµ = −1, such that
uµfA,µ = 0 .
The field uµ is the velocity field of the matter and describes the trajectories of
the material particles.
Let Λ = Λ(f, ∂f, g) be the energy density for the elastic material in its own
rest frame. The Lagrange density for the self-gravitating elastic body now takes
the form
L = −Rg
√−g
16πG
+ Λ
√−g .
The Einstein equations resulting from the variation of the action with respect
to gµν take the form
Gµν = 8πGTµν ,
where Gµν is the Einstein tensor of gµν and Tµν is the stress energy tensor of
the material, given by
Tµν = 2
∂Λ
∂gµν
− Λgµν .
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On the other hand, the canonical stress energy tensor is given by
Tµν = ∂Λ
∂fA,ν
fA,µ − δµνΛ .
General covariance implies, by the Rosenfeld-Belinfante theorem, that
Tµν = −Tµν ,
see [12, section 7].
Given a configuration fA(xµ), define γAB = fA,µf
B
,νg
µν and let γAB be the
inverse of γAB . General covariance implies Λ is of the form Λ = Λ(fA, γAB), cf.
[12, section 7], see also [4, section 4]. A stored energy function of this form is said
to satisfy material frame indifference. If in addition, as we shall later assume,
Λ depends only on the principal invariants λi, i = 1, 2, 3 of γ
AB , defined as the
elementary symmetric polynomials in the eigenvalues of γAB = γ
AC(δB)CB ,
then the material is called isotropic.
Define
SAB = 2
∂Λ
∂γAB
− ΛγAB .
Then we have
Tµν = Λuµuν + Sµν , (2.1)
where Sµν = SABf
A
,µf
B
,ν. In particular Sµνu
ν = 0. The relativistic number
density ng is defined by
n2g =
1
3!
VABCVA′B′C′γ
AA′γBB
′
γCC
′
.
We have ng = (det γ
AB)1/2 and hence
∂ng
∂γAB
=
1
2
ngγAB . (2.2)
Define the stored energy function ǫ by
Λ = ngǫ , (2.3)
and the elastic stress tensor τAB by
τAB = 2
∂ǫ
∂γAB
.
With these definitions, SAB takes the form
SAB = ngτAB ,
and we can write
Tµν = ngǫuµuν + ngτABf
A
,µf
B
,ν .
See [19] for a more explicit expression of Tµν in terms of the invariants (λi).
If material frame indifference holds, then if Λ is viewed as a functional of
fA, gµν , we have that for any spacetime diffeomorphism σ,
Λ[f ◦ σ, σ∗g] = Λ[f, g] ◦ σ ,
and hence all spacetime quantities constructed from Λ, fA, gµν are covariant
under σ, including ng, u
µ and τABf
A
,µf
B
,ν . In particular, this holds also for
Tµν .
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Let Σ be an isometry of (B, δB). The matrix (Σ∗γ)AB is related to γAB by an
orthogonal similarity transform and hence has the same invariants λi as γ
A
B .
Hence, for an isotropic material,
Λ[Σ ◦ f, g] = Λ[f, g].
2.2. Material and spacetime isometries. We now introduce the notion of
symmetry of a configuration which will play an important role in this paper.
Suppose the spacetime (M, g) has an isometry σ. Then σ defines a material
symmetry of fA if there is an isometry Σ of (B, δB) such that
Σ ◦ f = f ◦ σ .
Thus, in particular, if the configuration is comoving with an isometry, i.e., if
uµ is proportional to a Killing vector ξµ, then the configuration has the flow σs
of ξµ as a material isometry. with Σ given by the identity map on B, in which
case it follows that fA ◦σs = fA. However, this does not hold for a general one-
parameter family of material isometries. It follows from the last two statements
in the previous subsection that, for an isotropic material, a spacetime isometry
σ which also defines a material isometry leaves the Lagrangian invariant, i.e.
Λ[f, g] = Λ[f, g] ◦ σ, and thus Tµν is also invariant under σ, i.e. σ∗T = T .
The following is an example which is relevant for the situation in this paper.
Suppose we have two timelike Killing vectors ξµ and ξ′µ. In the situation
considered in this paper, the interesting case is where ξµ is the stationary Killing
field, while ξ′µ = ξµ+Ωηµ is the helical Killing field. Then one may consider the
case where the configuration is comoving with respect to ξ′µ while the flow σs of
ξµ defines a configuration symmetry in the sense that there is a one-parameter
family of isometries Σs of the body such that
Σs ◦ fA = fA ◦ σs .
In this case, Σs are rotations of the body. We see from the above that it is
possible for the configuration to explicitly depend on the Killing time t, defined
with respect to ξµ, although Tµν is independent of t.
2.3. Stationary metrics. We now assume (M, g) is stationary, i.e. there is
a timelike Killing field ξµ∂µ = ∂t. Further we assume the space manifold M
is diffeomorphic to R3. It will sometimes be convenient to denote this space
by R3
S
. Define a function U = 12 ln ξ
µξµ and a one-form ψ = ψidx
i such that
e−2Uξµdx
µ = dt+ ψ. Then g can be written in the form
gµν dx
µdxν = −e2U (dt+ ψidxi)2 + e−2Uhijdxidxj , (2.4)
where hijdx
idxj is a metric on the level sets of t, and U,ψi, hij are time inde-
pendent. The inverse metric takes the form
gµν∂µ∂ν = −e−2U∂2t + e2Uhij(∂i − ψi∂t)(∂j − ψj∂t) , (2.5)
where hijhjk = δ
i
k. The spacetime volume element is given by
√−g = e−2U
√
h . (2.6)
The assumption that ξµ∂µ = ∂t is a Killing vector implies
gt = −e2UDiψi gxi = −e2UhjkΓijk , (2.7)
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where Di and the Christoffel symbols refer to hij .
2.4. Kaluza-Klein reduction. Let ωij = ∂[iψj]. The scalar curvature Rg for
a metric of the form (2.4) is given by
Rg
√−g =
√
h
(
Rh + 2∆hU − 2|DU |2h + e4U |ω|2h
)
. (2.8)
Here |DU |2h = DkUDkU and similarly for |ω|2h. Define HAB by
γAB = e2UHAB .
The reduced number density n is defined with respect to HAB ,
n2 =
1
3!
VABCVA′B′C′H
AA′HBB
′
HCC
′
.
Then we have
∂n
∂HAB
=
1
2
nHAB , (2.9)
ng = e
3Un , (2.10)
so that with the form (2.4) for g, we have
Λ
√−g = nǫeU
√
h . (2.11)
Taking into account the fact that the term 2∆hU in the scalar curvature ex-
pression (2.8) contributes a total divergence to the action and can be dropped,
we may now write the action in the reduced form
L = −
√
h
16πG
(
Rh − 2|DU |2h + e4U |ω|2h
)
+ ρ eU
√
h ,
where ρ = nǫ. Let Gij = Rij − 12Rhij be the Einstein tensor of hij and define
Θij =
1
4πG
[(DiU)(DjU)− 1
2
hij (DkU)(D
kU)] , (2.12)
and
Ωij =
1
4πG
e4U [
1
4
hij ωklω
kl − ωikωjk] . (2.13)
The reduced field equations now take the form
∆hU = 4πGe
U
(
ρ+
∂ρ
∂U
)
χf−1(B) − e4Uωklωkl , (2.14a)
Di(e4Uωij) = −8πGeU ∂ρ
∂ψj
χf−1(B) , (2.14b)
Gij = 8πG
(
Θij +Ωij + e
U (2
∂ρ
∂hij
− ρhij)χf−1(B)
)
. (2.14c)
In (2.14) we have used the indicator function χf−1(B) of the body to make
explicit the support of ρ. Define τ, τi, τij by
Tµν = τ(dt+ ψidx
i)2 + 2τjdx
j(dt+ ψidx
i) + τijdx
idxj . (2.15)
Then we have
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Lemma 2.1.
eU (2
∂ρ
∂hij
− ρhij) = τij , (2.16a)
eU
∂ρ
∂ψi
= −τi , (2.16b)
eU (ρ+
∂ρ
∂U
) = e−4Uτ + τℓ
ℓ . (2.16c)
For proof of Lemma 2.1, see appendix A. After substituting (2.16) into (2.14)
the reduced field equations take the form1
∆hU = 4πGχf−1(B)(e
−4U τ + τk
k)− e4Uωklωkl , (2.17a)
Di(e4Uωij) = 8πGχf−1(B)τj , (2.17b)
Gij = 8πG(χf−1(B)τij +Θij +Ωij) . (2.17c)
2.5. Integrability conditions. The quantities Θij and Ωij satisfy the identi-
ties
8πGDjΘij = 2 (DiU)∆hU , (2.18)
and, using D[iωjk] = 0,
8πGDjΩij = 2 [e
4U (DiU)ωklω
kl − ωikDj(e4Uωjk)] . (2.19)
In case G 6= 0, we obtain from (2.17b) the integrability conditions
Diτi = 0 , (2.20)
together with the boundary condition
τin
i|f−1(∂B) = 0 . (2.21)
Further, we have
Djτij − 2ωijτ j = −(DiU)(e−4U τ + τkk) , (2.22)
and
τijn
j|f−1(∂B) = 0 , (2.23)
as a consequence of the contracted Bianchi identities for hij applied to the left
hand side of (2.17c), together with (2.18), (2.19) and (2.17a).
2.6. Implementing rotation. Define a vector field ηµ by
ηµ∂µ = η
i∂i . (2.24)
The scalar product α = gµνξ
µην satisfies
e−2Uα+ ψjη
j = 0 . (2.25)
Since by assumption (M, g) is stationary with respect to ξµ, it holds that ηµ
commutes with ξµ if and only if ηi does not depend on t. In particular, in the
1Equation (2.17b) corrects a typo in [3, (2.47)].
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case we are considering, the vector field ηµ is itself a Killing vector if and only
if the equations
LηU = 0 , (2.26a)
Lηψi = 0 , (2.26b)
Lηhij = 0 , (2.26c)
hold. In these expressions the operator Lη means the Lie derivative of the
respective object with respect to ηk∂k. Note that (2.26b) implies
2ωijη
j +Di(e
−2Uα) = 0 . (2.27)
Define the velocity field uµ by
uµ = b−1(ξµ +Ωηµ) , (2.28)
where Ω is a real parameter corresponding to the rotation speed, and b is a
normalizing factor, determined by uµuµ = −1 in f−1(B). It is important to
note here that the rotational field ξµ + Ωηµ in general will fail to be globally
timelike for nonzero values of Ω. However, for a suitable range of Ω, it makes
sense to require ξµ +Ωηµ to be timelike in the body.
We now impose rotation of the body by requiring that the configuration fA
satisfies the condition uµfA,µ = 0, i.e.
fA,µ(ξ
µ +Ω ηµ) = 0 . (2.29)
Since Tµνu
ν = −ρuµ, due to (2.1) the stress energy tensor satisfies the relation
u[µTν]ρu
ρ = 0 . (2.30)
It follows from (2.30), that
(u0Tiµ − uiT0µ)uµ = 0 (2.31)
holds, which, using (2.29), after some cancellations and multiplying by e−2U
gives
(1− Ωe−2Uα)2τi +Ω(1− Ωe−2Uα)τijηj
+Ωe−4Uηi[(1− Ωe−2Uα)τ +Ωτjηj ] = 0 . (2.32)
Equation (2.32) can be proved by explicit computation, using (2.16) and (2.34).
As a consequence of (2.32) we have
Lemma 2.2. For sufficiently small Ω,
(1− Ωe−2Uα)τi +Ωτijηj +Ωe−4Uηi[τ +Ω(1− Ωe−2Uα)−1τjηj ] = 0 . (2.33)
2.7. Stress tensor. In order to write the field equations, we shall need the
stress tensor for the elastic material. For consistency with the treatment of the
static case considered in [1], we shall here make use of an analogous form of
the stress tensor. Recall that assuming material frame indifference, the stored
energy function ǫ is a function of fA and γAB = fA,µf
B
,νg
µν . Taking equation
(2.29) into account, we find
γAB = f (A,if
B)
,j[e
2Uhij + 2Ωe2Uψiηj +Ω2(e2Uψkψk − e−2U )ηiηj ] . (2.34)
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In the computations below we shall make use of HAB defined by γAB =
e2UHAB, so that
HAB = f (A,if
B)
,j [h
ij + 2Ωψiηj +Ω2(ψkψk − e−4U )ηiηj ] .
Let
σAB = −2 ∂ǫ
∂HAB
, σµν = nf
A
,µf
B
,νσAB , σµ
A = fB,µσBCH
CA . (2.35)
It follows from the definition that
σAB = −2e−2U ∂ǫ
∂γAB
.
Our next task is to evaluate the dependence on Ω of the terms occurring in
the left hand side of (2.16). It is straightforward to verify that the following
Lemma holds.
Lemma 2.3. There are z, zi, zij depending smoothly an f
A, gµν , and their first
derivatives, as well as Ω and G, such that the following equations are valid.
eU (2
∂ρ
∂hij
− ρhij) = −eU (σij − Ωzij) , (2.36a)
eU
∂ρ
∂ψi
= −eUΩzi , (2.36b)
eU (ρ+
∂ρ
∂U
) = eU (nǫ− σℓℓ) + Ωz) . (2.36c)
By the results of Lemma 2.3 and Lemma 2.1, we have
τij = −eU (σij − Ωzij) .
We are now able to rewrite the integrability condition (2.22) in the form
Dj(eUσij) = e
U (nǫ− σℓℓ)DiU +Ω[Dj(eUzij) + 2eUωijzj + zDiU ] .
Taking the above facts into account, we arrive at the system of equations
∆hU = 4πGχf−1(B)e
U (nǫ− σℓℓ) + Ωz)− e4Uωklωkl , (2.37a)
Di(e4Uωij) = 8πGχf−1(B)e
UΩzj , (2.37b)
Gij = 8πG[−χf−1(B)eU (σij − Ωzij) + Θij +Ωij ] , (2.37c)
Dj(eUσij) = e
U (nǫ− σℓℓ)DiU (2.37d)
+ Ω[Dj(eUzij) + 2e
Uωijz
j + zDiU ], in f
−1(B) , (2.37e)
subject to the boundary condition
(σij − Ωzij)nj
∣∣
∂f−1(B)
= 0 . (2.37f)
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2.8. Gauge reduction. Two of the equations in the system (2.37) fail to be
elliptic in the form given above, namely (2.37b) and (2.37c). The reason for
this failure is the related to the diffeomorphism invariance of the 4-dimensional
Einstein equations. As in the static case, the method which shall be used to
avoid this problem is make use of harmonic coordinates.
Let  denote the wave operator in (M, g). Taking into account of the fact
that gµν is stationary, we have
t =
1√−g∂µ(g
µν√−g∂ν)t (2.38)
= e2UDiψi . (2.39)
Thus, e2UDiψi = 0 precisely when the time t is harmonic.
The left hand side of equation (2.37b) is of the form
Di(e4Uωij) = e
4U [4DiUωij +
1
2
(∆ψj −Rjkψk)]− 1
2
e4UDjD
iψi . (2.40)
The term DjD
iψi causes this expression to fail to be an elliptic in ψi. However,
the following reduced form of equation (2.37b),
Di(e4Uωij) +
1
2
Dj(e
4UDiψ
i) = 8πGχf−1(B)e
UΩzj , (2.41)
which modifies the left hand side by a quantity that vanishes if the harmonic
time condition is satisfied, is elliptic in ψi.
Similarly, (2.37c) fails to be elliptic due to the covariance of Rij. Following
[1, section 3.1], let V i = hjk(Γijk− Γ̂ijk) where Γ̂ijk are the Christoffel symbols of
a fixed Euclidean background metric on M . Then V i = 0 is the condition for
harmonic coordinates in M . By replacing Rij by Rij −D(iVj) we arrive, after
rewriting equation (2.37c) making use of the identity [1, (3.11)] at the reduced
Einstein equation
− 1
2
∆hhij +Qij(h, ∂h) = −8πGeU (σij − hij σll +Ω(zij − hijzll))χf−1(B)
+ 2DiUDjU + e
4U [hijωklω
kl − 2ωikωjk] . (2.42)
As in [1], we shall first solve the reduced system involving (2.42) and (2.41)
and once the solution is in hand show that the solution to the reduced system
is actually a solution to the full system. We construct solutions by an implicit
function theorem argument applied to a projected version of the field equations
in material form.
2.9. Field equations in material form. In the Eulerian picture, the do-
main f−1(B) depends on the unknown configuration f . This introduces a “free
boundary” aspect in the Eulerian version of the field equations, which we will
avoid by passing to the material, or Lagrangian form of the field equations. In
this form of the equations, the configuration f is replaced by the deformation
φ, and the entire system of field equations is moved to the extended body R3
B
.
In particular, in this formulation, the elastic field equation lives on the fixed
domain B.
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The Piola transform of σi
j is
σ¯i
A = J(fA,jσi
j) ◦ φ .
Similarly, we introduce the Piola transform of zij. Since B has a smooth bound-
ary, there is a linear extension operator which takes functions on B to functions
on R3
B
. In particular this allows us to define an extension φ̂ of φ which is equal
to i outside a compact set. We use φ̂ to move the fields from space to R3
B
,
and use the bar notation introduced in [1, section 3.2] to denote the quantities
transported under φ̂. In particular, we define
U = U ◦ φ̂ , ∂iU = ∂iU ◦ φ̂ , ψi = ψi ◦ φ̂ , hij = hij ◦ φ̂ .
Note that for the barred quantities, it is the frame components which are pulled
back, and not the tensor itself. Equation (2.37a) in the material frame becomes
∆hU = 4πGχBe
U¯ (nǫ¯− σ¯ℓℓ) + Ωz¯)− e4U¯ωklωkl , in R3B . (2.43)
We remark that covariance of the Laplacian gives
∆hU = ∆bφ∗h(U ◦ φ̂) .
Next, equation (2.41) in the material frame becomes
Di(e4Uωij) +
1
2
Dj(e4UDiψi) = 8πGχBe
U¯Ωz¯j . (2.44)
Equation (2.42) becomes
− 1
2
∆hhij +Qij(h¯, ∂h¯) = −8πGeU¯ (σ¯ij − h¯ij σ¯ll +Ω(z¯ij − h¯ij z¯ll))χB
+ 2DiUDjU + e
4U¯ [h¯ijωklωkl − 2− ωikωjk] . (2.45)
Equations (2.37e) and (2.37f) become in the material frame
DA(e
U¯σi
A) = eU¯ (ǫ− σ¯ℓ
ℓ
n¯
)∂iU
+Ω[DA(e
U¯ z¯i
A) + 2eU¯
ωijzj
n¯
+ z¯∂iU ] , in B , (2.46a)
subject to the boundary condition
(σ¯i
A − Ωz¯iA)nA
∣∣
∂B
= 0 . (2.46b)
2.10. Constitutive conditions. Similarly to the static case, we shall assume
the existence of a relaxed reference configuration for the elastic material, which
is such that suitable ellipticity properties hold for the elasticity operator evalu-
ated in the relaxed state. The relaxed state is given by the body B, a compact,
connected domain B ⊂ R3
B
with smooth boundary ∂B, together with a refer-
ence configuration i : R3
B
→ R3
S
. We assume a reference Euclidean metric δˆ on
M = R3
S
is given. The body metric R3
B
on R3
B
is defined by δB = i
∗δˆ. The
relaxed nature of the reference configuration is expressed by the condition(
∂ǫ
∂HAB
) ∣∣∣∣
(U=0,H=δB)
= 0 , in B .
14 L. ANDERSSON, R. BEIG, AND B. SCHMIDT
The specific rest mass, i.e. the rest mass term in the relativistic stored energy
function, should obey
ǫ˚(X) = ǫ
∣∣
(U=0,H=δB)
≥ C ,
for some constant C > 0. Further, we assume that the elastic material is such
that there is a constant C ′ > 0 such that the pointwise stability condition
L˚ABCDN
ABNCD ≥ C ′ (δCAδBD + δCBδAD)NABNCD , in B , (2.47)
holds, where
L˚ABCD(X) :=
(
∂2ǫ
∂HAB∂HCD
) ∣∣∣∣
(U=0,H=δB)
. (2.48)
In the isotropic case considered in this paper, ǫ depends only on the invariants
of γAB = e2UHAB, defined with respect to the body metric (δB)AB , cf. section
2.1. It follows that ǫ˚ is independent of X and there are constants λ˚ and ν˚ so
that
L˚ABCD = λ˚δABδCD + 2µ˚δC(AδB)D , (2.49)
in terms of which the condition (2.47) holds exactly when
µ˚ > 0 , 3˚λ+ 2µ˚ > 0 , (2.50)
cf. [16, section 4.3]. The constants λ˚ and µ˚ are apart from a common constant
factor the classical Lame´ moduli. The inequalities (2.50) are usually expressed
by saying that the Poisson ratio defined by ν = λ˚
2(˚λ+µ˚)
satisfy −1 < ν < 12 . In
fact for most materials occuring in practice there holds 14 < ν <
1
3 .
We shall assume that the body is axisymmetric. To make this notion con-
crete, let xi and XA be coordinates on R3
S
and R3
B
, respectively, so that the
Euclidean metrics δˆ and δB have components δij and δAB , respectively. The
body B is axially symmetric if there is a one-parameter subgroup of Euclidean
motions, defined with respect to δAB , which leaves B invariant. We may with-
out loss of generality assume that the subgroup leaving B invariant is generated
by the Killing field
ηA∂A = X
2∂1 −X1∂2 , (2.51)
which necessarily is such that ηA is tangent to ∂B. Given the axial Killing field
ηA on R3
B
, define a vector field ηi on R3
S
by
ηi∂i = i∗(η
A∂A) . (2.52)
In particular, we may without loss of generality assume ηi∂i to be of the form
ηi∂i = x
2∂1 − x1∂2.
In addition to the above mentioned conditions, we shall in the following
assume that the elastic material is isotropic, cf. section 2.1. Recall that if the
elastic material is isotropic, then Λ and hence also the stored energy function
ǫ depends only on the invariants λi of γ
AB , defined with respect to the body
metric δB, cf. section 2.1. Consequently, in view of the discussion above, see
in particular section 2.7, the reduced energy density ρ = nǫ can be viewed as a
function ρ = ρ(λi).
The invariants λi are functions of the form λi = λi(f, ∂f, U, ψi, hij ; η
i,Ω). In
the present case, we are using a coordinate system on B in which the metric
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δB has constant components, and hence the λi do not depend on f but only
on its derivatives. We may therefore write ρ as a functional ρ = ρ[f, g; η,Ω],
where the symbol g is used as shorthand for the gravitational variables U,ψi, hij
parametrizing the spacetime metric gµν .
3. Analytical setting
We now introduce the analytical setting which will be used to construct
solutions to the field equations. Fix a weight δ ∈ (−1,−12 ). Further, fix p > 3.
The parameters δ, p will be used to determine the weighted Sobolev spaces
which are used in the implicit function argument.
The system of equations in material form has the unknowns φi, U, ψi, hij . Let
B1 =W
2,p(B)×W 2,pδ ×W 2,pδ × E2,pδ ,
where E2,pδ is the space of asymptotically Euclidean metrics introduced in [1,
section 2.3], and let
B2 = [L
p(B)×B1−1/p,p(∂B)]× Lpδ−2 × Lpδ−2 × Lpδ−2 .
Thus, B1 is a Banach manifold and B2 is a Banach space.
The residuals of equations (2.46a) with boundary condition (2.46b), (2.43),
(2.44), (2.45), which depend on the Newton constant G and the rotation velocity
Ω as parameters define a map F : R2 × B1 → B2. Thus, F has components
(Fφ,FU ,Fψ,Fh) corresponding to the components of B2, given by
Fφ =
[
FBφ ,F∂Bφ
]
, (3.1a)
where
FBφ = DA(eU¯σiA)− eU¯ (ǫ−
σ¯ℓ
ℓ
n¯
)∂iU ,
− Ω[DA(eU¯ z¯iA) + 2eU¯ ωijz
j
n¯
+ z¯∂iU ] , (3.1b)
F∂Bφ = (σ¯iA − Ωz¯iA)nA
∣∣
∂B
, (3.1c)
and
FU = ∆hU − 4πGχBeU¯ (nǫ¯− σ¯ℓℓ) + Ωz¯) + e4U¯ωklωkl , (3.1d)
Fψ = Di(e4Uωij) + 1
2
Dj(e4UDiψi)− 8πGχBeU¯Ωz¯j , (3.1e)
Fh = −1
2
∆hhij +Qij(h¯, ∂h¯) + 8πGe
U¯ (σ¯ij − h¯ij σ¯ll +Ω(z¯ij − h¯ij z¯ll))χB
− 2DiUDjU − e4U¯ [h¯ijωklωkl − 2ωikωjk] . (3.1f)
We now have F = F((G,Ω), (φ, U¯ , ψ¯, h¯)). Write a general element of B1 as Z.
We will use the implicit function theorem to construct solutions to F = 0 for
G,Ω close to 0 ∈ R2.
An essential assumption which allows us to introduce a relaxed configuration
is that there is a reference Euclidean metric δˆ onM = R3
S
, and a diffeomorphism
i : R3
B
→ R3
S
. As discussed in section 2.10, an Euclidean metric on R3
B
is defined
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by δB = i
∗δˆ. Recall that B is assumed to be a connected domain with smooth
boundary.
From the constitutive conditions, cf. section 2.10 we have that
Z0 = (i, 0, 0, δˆij ◦ i)
is a solution to the equation F(0, Z0) = 0. In order to apply the implicit function
theorem at (0, Z0) it is necessary that the Frechet derivative D2F(0, Z0) is an
isomorphism. We see that F(0, Z) is of the form
Fφ(0, Z) =
[
DA(e
U¯σi
A)− eU¯ (ǫ− σ¯ℓ
ℓ
n¯
)∂iU, σ¯i
AnA
∣∣
∂B
]
,
FU (0, Z) = ∆hU + e4U¯ωklωkl ,
Fψ(0, Z) = Di(e4Uωij) + 1
2
Dj(e4UDiψi) ,
Fh(0, Z) = −1
2
∆hhij +Qij(h¯, ∂h¯)− 2DiUDjU − e4U¯ [h¯ijωklωkl − 2ωikωjk] .
It follows from the constitutive conditions stated in section 2.10 thatDφFφ(0, Z)
is elliptic.
3.1. Projected system. An analysis along the lines of [1, section 4.2] shows
that D2F(0, Z0) is of the form

DφFφ DUFφ 0 DhFφ
0 ∆ 0 0
0 0 12∆ 0
0 0 0 −12∆

 ,
where the entries are evaluated at Z0. The diagonal entries are isomorphisms
between the weighted spaces given in the definition of B1 and B2, with the ex-
ception of DφFφ. As in the static case this has a nontrivial kernel and cokernel,
see the discussion in [1, section 4]. The kernel and cokernel can be identified
with the space of Killing fields on (B, δB). Therefore, in order to construct
solutions, we will consider the projected system
PBF = 0 ,
where PB : B2 → B2 is a projection operator which is defined exactly along
the lines of [1, section 4]. In particular, PB is defined to act as the identity in
the second to fourth components of B2, while in the first component of B2 it
acts as the unique projection along the cokernel of DφFφ(0, Z0) onto the range
of DφFφ(0, Z0), which leaves the boundary data in the first component of B2
unchanged. We use the the label B to indicate that PB operates on fields on the
body and the extended body. We shall later need to transport the projection
operator to fields on R3
S
.
Let (bi, τi) denote pairs of elements in W
2,p(B)×W 1−1/p,p(∂B). The restric-
tion of PB to the first component of B2, which we here denote by the same
symbol, is defined by setting PB(bi, τi) = (b
′
i, τi), satisfying∫
B
ξib′i =
∫
∂B
ξiτi , (3.2)
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for all Killing fields ξi. Pairs (b′i, τi) satisfying this condition are called equi-
librated. As discussed in [1, section 4], the definition of PB implies there is a
unique ηi of the form ηi = αi+βijX
j , for constants αi, βij satisfying βij = −βji,
such that
b′i = bi − ηiχB .
We further restrict the domain of PBF to eliminate the kernel of DφPBF .
By assumption, cf. section 2.10, B has an axis of symmetry, which without loss
of generality can be identified with the X3-axis. Fix a point X0 on the axis
of symmetry of B, i.e. X0 has coordinates (0, 0,X3) for some X3. Recall that
the kernel of DφF consists of the Killing fields of (B, δB). A killing field in B is
determined by specifying its value and antisymmetrized derivative at one point.
Following the proof of [1, Proposition 4.3], define2 X to be the submanifold of
B1 such that
(φ− i)(X0) = 0 , and δCiδC[A∂B](φ− i)i(X0) = 0 . (3.3)
and define Y to be the range of the projection operator PB. An application of
the implicit function theorem to the map
PBF : X→ Y
now gives the following result, analogous to [1, Proposition 4.3].
Proposition 3.1. Let F : B1 → B2 be map defined by (3.1) and let PB be
defined as in [1, section 4.3]. Then, for sufficiently small values of Newton’s
constant G and the rotation velocity Ω, there is a unique solution Z = Z(G,Ω),
where Z = (φ, U¯ , ψ¯i, hij), to the reduced, projected equation for a self-gravitating
rotating elastic body given by
PBF((G,Ω), Z) = 0 , (3.4)
which satisfies the condition (3.3). In particular, for any ǫ > 0, there are
G > 0,Ω > 0, such that Z(G,Ω) satisfies the inequality
||φ− i||W 2,p(B) + ||hij − δij||W 2,p
δ
+ ||U¯ ||
W 2,p
δ
+ ||ψ¯||
W 2,p
δ
< ǫ . (3.5)
The proof of proposition 3.1 proceeds along exactly the same lines as the
proof of [1, Proposition 4.3] and is left to the reader.
4. Equilibration
Arguing along the lines of [1, section 5], we have the following corollary to
Proposition 3.1.
Corollary 4.1. For any ǫ > 0, there are G > 0,Ω > 0 such that the inequality
||φ− i||W 2,p(B) + ||hij − δij ||W 2,p
δ
+ ||U ||W 2,p
δ
+ ||ψ||W 2,p
δ
< ǫ (4.1)
holds.
2The discussion here corrects some typos in the proof of [1, Proposition 4.3], in particular
the antisymmetrization in (3.3) corrects the corresponding expression in [1].
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4.1. Eulerian form of the projected equations. Let Pf−1(B) be the Euler-
ian form of the projection operator, defined as in [1, section 5.1] by
Pf−1(B)(n · (b ◦ f)) = n(PBb) ◦ f .
Moving to the Eulerian form of the projected system, we find that we have
constructed, for small G,Ω a solution (φ,U, ψi, hij) of the following set of pro-
jected equations, which it is convenient to write in terms of the stress energy
components τ, τi, τij.
Pf−1(B)(D
jτij − 2ωijτ j+(DiU)(e−4U τ + τkk)) = 0 , (4.2a)
τijn
j|∂f−1(B) = 0 , (4.2b)
∆hU = 4πGχf−1(B)(e
−4U τ + τk
k)− e4Uωklωkl , (4.2c)
Di(e4Uωij) +
1
2
Dj(e
4UDiψi) = 8πGχf−1(B)τj , (4.2d)
Gij −D(iVj) +
1
2
hijDlV
l = 8πG(χf−1(B)τij +Θij +Ωij) . (4.2e)
Let Y = (fA, U, ψi, hij) be the Eulerian form of the solution to the projected
form of the material field equations constructed in section 3.1. From proposition
3.1, the solution is unique. For the purposes here, we shall need to make
the uniqueness property somewhat more explicit. An analysis of the proof of
proposition 3.1 proves the following corollary.
Corollary 4.2. Let the body domain B with metric δB be given, with the corre-
sponding background metric δˆ on M = R3
S
, and fix a point X0 in B and a vector
field ηA on B. Then the Eulerian form Y = (fA, U, ψ, h) of the solution to the
reduced projected system for a self-gravitating, rotating, elastic body defines a
function of the form
Y = Y (G,Ω; [B, δB , δˆ,X0, η]) .
4.2. Equivariance. We now analyze some of the consequences of the consti-
tutive conditions imposed in section 2.10. Recall that in particular, in view
of frame indifference and homogeneity, and the discussion in section 2.10, the
reduced stored energy function ρ is of the form
ρ = ρ[f, g; η,Ω] ,
where fA is the configuration, g is used as shorthand for the fields U,ψi, hij on
M parametrizing the spacetime metric gµν , and η
i is the axial vector field on
M specified in section 2.10. Let σ be a spatial diffeomorphism, i.e. t ◦ σ = t.
Then by frame indifference (i.e. general covariance) we have
ρ[f ◦ σ;σ∗g;σ∗η,Ω] = ρ[f, g; η,Ω] ◦ σ . (4.3)
Further, as a consequence of the isotropy of the elastic body, for any isometry
Σ of (B, δB), we have
ρ[Σ ◦ f, g; η,Ω] = ρ[f, g; η,Ω] . (4.4)
The transformation properties stated in (4.3) and (4.4) give the following Lemma.
ROTATING ELASTIC BODIES IN EINSTEIN GRAVITY 19
Lemma 4.3. Let (fA, U, ψi, hij) be as in corollary 4.2. Let Σ be a diffeomor-
phism of B leaving the data (X0, δAB , ηA) invariant. Then the diffeomorphism
σ of M defined by requiring that i ◦Σ = σ ◦ i on all of R3
B
is an isometry in the
sense that it leaves all of (fA, U, ψi, hij , η
i) invariant.
Proof. First note that σ is by construction an isometry of the flat background
metric δˆ entering the projected, harmonically-reduced field equations and that
(σ∗η)
i = ηi trivially from the construction of ηi. Using these facts together
with the equivariance property expressed in (4.3) and (4.4) we have that
((Σ−1 ◦ f ◦ σ)A, σ∗U, (σ∗ψ)i, (σ∗h)ij) (4.5)
is a solution with the same data. By the uniqueness property made explicit in
corollary 4.2, we then have
((Σ−1 ◦ f ◦ σ)A, σ∗U, (σ∗ψ)i, (σ∗h)ij) = (fA, U, ψi, hij) . (4.6)

If σ is as in lemma 4.3, then we also have
σ∗τ = τ , (σ∗τ)i = τi , (σ
∗τ)ij = τij . (4.7)
Lemma 4.3 has the following corollary which will play an important in the
proof of orthogonal transitivity, see section 4.5 below.
Corollary 4.4. Let (fA, U, ψi, hij) be as in corollary 4.2. Let Σ be an isometry
of (B, δB) such that Σ(X0) = X0 and (Σ∗η)A = −ηA, and let σ be a diffeomor-
phism of M such that i ◦ Σ = σ ◦ i on all of R3
B
. Then σ is an isometry of hij
and we have
(Σ−1 ◦ fA ◦ σ, σ∗U, (σ∗ψ)i, (σ∗h)ij) = (fA, U,−ψi, hij) . (4.8)
Proof. The transformation ψi → −ψi, ηA → −ηA leaves HAB and hence all the
field equations invariant. Therefore it maps a solution to another solution. By
uniqueness it follows that the solution with data B, δB, δˆ,−ηA, G,Ω is given by
(fA, U,−ψi, hij). The result follows. 
Recall that the reference state is axially symmetric, i.e. ηA is an axial Killing
vector in Euclidean space leaving B invariant. Denoting by Σ the flow of ηA
and correspondingly using σ to denote the flow of ηi, we have the following
infinitesimal version of of Lemma 4.3.
Lemma 4.5. Assume that B is axially symmetric with axial Killing field ηA,
as discussed in section 2.10. Then
fA,i(x) η
i(x) = ηA(f(x)) , (4.9)
i.e.
ηi∂i = f
∗(ηA∂A) . (4.10)
and
LηU = 0 , (4.11a)
Lηψi = 0 , (4.11b)
Lηhij = 0 . (4.11c)
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By the antisymmetry of ωij we have, using (2.27), that
Lη(e−2Uα) = 0 . (4.12)
Furthermore, from (4.7) applied to the flow of ηi, we infer that
Lητ = 0 , Lητi = 0 , Lητij = 0 . (4.13)
4.3. Divergence identities. Now turn back to Eq.(2.33). Taking the diver-
gence of this equation and using (4.11a,4.11c,4.12,4.13) and (4.2a), gives
0 = (1− Ωe−2Uα)Diτi − ΩDi(e−2Uα)τi
+Ωηj(If−1(B) − Pf−1(B))[Diτij − 2ωjiτ i + (DjU)(e−4U τ + τkk)] (4.14)
+ 2Ωηjωjiτ
i
use (2.26b)
= (1− Ωe−2Uα)Diτi
+Ωηj(If−1(B) − Pf−1(B))[Diτij − 2ωjiτ i + (DjU)(e−4U τ + τkk)]χf−1(B) .
(4.15)
It also follows directly from (2.33) and the fact that ηi is parallel to the boundary
of f−1(B) that the boundary condition
τin
i|f−1(∂B) = 0 (4.16)
holds. Let W = e4UDiψi. The first term in the left hand side of (4.2d) is the
divergence of a 2-form, and therefore its divergence is zero. Hence, taking the
divergence of both sides of (4.2d), and using the fact that (4.16) holds for the
case of an axisymmetric body, gives the identity
∆hW = 16πGχf−1(B)D
iτi . (4.17)
Equation (4.15) gives the form of the right hand side in (4.17). Let
LVi = ∆hVi +Ri
kVk , (4.18)
and note
Dj(D(iVj) −
1
2
hijDkV
k) =
1
2
LVi .
Using (2.18) and (2.19) we find after taking the divergence of both sides of
(4.2e), when G 6= 0, that
LVi = −16πGχf−1(B)[Djτij + (DiU)(e−4U τ + τkk)] + 4ωikDj(e4Uωjk)
use (4.2d) and (4.2a)
= −16πG[Djτij + (DiU)(e−4U τ + τkk)]χf−1(B) + 4ωij [8πGχf−1(B)τ j −
1
2
DjW ]
+ 16πGPf−1(B)[D
jτij + (DiU)(e
−4U τ + τk
k)− 2ωijτ j ]χf−1(B)
= −16πG(If−1(B) − Pf−1(B))[Djτij + (DiU)(e−4U τ + τkk)− 2ωijτ j]χf−1(B)
− 2ωijDjW .
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Let
Zi = −16πG[Djτij + (DiU)(e−4U τ + τkk)− 2ωijτ j ] .
Then we have the following system of equations for W,Vi,
(1− Ωe−2Uα)∆W = Ωηj(If−1(B) − Pf−1(B))Zjχf−1(B) ,
LVi = (If−1(B) − Pf−1(B))Ziχf−1(B) − 2ωijDjW .
Arguing as in the proof of [1, Lemma 5.7], we have that
(If−1(B) − Pf−1(B))Ziχf−1(B) = n(ζi ◦ f)χf−1(B) ,
for some ζi which is a Killing field in B. Hence we have the equations
(1− Ωe−2Uα)∆W = Ωηjn(ζj ◦ f)χf−1(B) , (4.19a)
LVi = n(ζi ◦ f)χf−1(B) − 2ωijDjW . (4.19b)
4.4. Main theorem. We are now able to prove the following
Theorem 4.6. For sufficiently small values of G,Ω, with G non-zero, the so-
lution to the reduced, projected system of equations for a stationary, rotating,
elastic, self-gravitating body (3.4), is a solution to the full system of equations
(2.17) for a stationary, rotating elastic, self-gravitating body, together with the
integrability conditions of section 2.5. In particular, this solution corresponds
to a pair (fA, gµν), which solves the full Einstein equations Gµν = 8πGTµν .
Proof. Using the estimate of Corollary 4.1, and the multiplication properties of
the weighted Sobolev spaces, cf. [1, section 2.3], one checks that
ωij ∈W 1,pδ−1 , Ωij ∈W 1,p2δ−2 , Θij ∈W 1,p2δ−2 ,
with corresponding estimates. Hence we find, using equation (4.2e) for hij , in
the equivalent form (2.42), equation (4.2d) for ψi, making use of equation (2.40)
to express it in a form suitable for estimates, as well as equation (4.2c) for U ,
that the conclusion of [1, Lemma 5.2] for hij holds also in the present case,
namely
hij = δij +
γij
r
+ h(2) ij ,
for constants γij , with h(2) ij ∈ W 2,p2δ . For sufficiently small G,Ω we have the
estimate
||h(2) ij ||W 2,p
2δ
+ ||γ|| ≤ C(||hij − δij ||W 2,p
δ
+ ||φ− i||W 2,p(B)) .
For brevity, we shall in the following write estimates of the above form using
||Z − Z0||B1 where the norm refers to that induced from the Banach spaces
using in defining the space B1, cf. section 3. We shall further write inequalities
of the form a ≤ Cb where C is a constant which is uniformly bounded for small
G,Ω as a . b.
Given this result about the asymptotics of hij , the conclusion of [1, Lemma
5.4] concerning Vi holds, and hence also the partial integration result [1, Lemma
5.5] and the estimate of [1, Lemma 5.6]. Now define the operator Q : Lpδ−3(R
3
S
)→
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R6 as in [1, section 5.2]. Given a basis {ξ(κ)}6κ=1 for the space of Killing fields,
we set
Qκ(zi) =
∫
R
3
S
(ξi(κ) ◦ f)zidµh, κ = 1, . . . , 6 .
Since W = e4UDiψi, the term ωijD
jW in (4.19b) satisfies ωijD
jW ∈ Lp2δ−3
and we have the estimate
||ωijDjW ||Lp
δ−3
(R3
S
) . ||Z − Z0||B1 ||n(ζ ◦ f)||Lp(f−1(B)) . (4.20)
Recall that from the construction of Q we have for small G,Ω, the equivalence
of norms
||Qn(ζ ◦ f)χf−1(B)||R6 . ||ζ||R6 . ||Qn(ζ ◦ f)χf−1(B)||R6 , (4.21)
where if ζ i = αi + βijx
j, ||ζ||R6 is defined by
||ζ||2
R6
=
∑
i
(αi)2 +
∑
i<j
(βij)
2 .
Due to the properties ofQ, the analogue of (4.21) holds also for ||n(ζ◦f)||Lp(f−1(B)).
Applying Q to both sides of (4.19b), we have using (4.20) and (4.21),
||ζ||R6 . ||QLV ||R6 + ||QωDW ||R6
. ||QLV ||R6 + ||Z − Z0||B1 ||ζ||R6 ,
and hence
||ζ||R6 . ||QLV ||R6 . (4.22)
Recall that for G,Ω sufficiently small, we also have due to Corollary 4.1 that
||Z − Z0||B1 small. We now have the chain of inequalities for G,Ω sufficiently
small,
||V ||W 2,p
δ−1
. ||LV ||W 2,p
δ−3
. ||n(ζ ◦ f)||Lp(f−1(B)) + ||ωDW ||Lp
δ−3
. ||ζ||R6 + ||Z − Z0||B1 ||ζ||R6
. ||ζ||R6
use (4.22)
. ||QLV ||R6 .
By the inequality proved in [1, Proposition 5.8] we have
||QLV ||R6 . ||Z − Z0||B1 ||V ||W 2,p
δ−1
,
which together with the above gives
||V ||
W 2,p
δ−1
. ||Z − Z0||B1 ||V ||W 2,p
δ−1
. (4.23)
By choosing G,Ω sufficiently small, we can make ||Z − Z0||B1 small enough so
that (4.23) gives the inequality
||V ||W 2,p
δ−1
≤ 1
2
||V ||W 2,p
δ−1
,
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which implies
V = 0 .
Due to the vanishing of V , it follows from (4.22) that also ζ = 0, and hence we
have
W = 0 .
This means that the solution of the projected system of equations (4.2) is actu-
ally a solution to the full system of field equations (2.17) for the rotating elastic
body, together with the integrability conditions discussed in section 2.5.
It remains to demonstrate that the solution (fA, U, ψi, hij) to (2.17) con-
structed in this proof corresponds to a Lorentzian spacetime (M, gµν) solving
the Einstein equations for the elastic body. The solution we have found yields
via (2.4) a Lorentz metric gµν at some time t0 together with its vanishing first
and second time derivatives at t0, as well as a configuration f
A together with
its non-vanishing first time derivative at t0. These solve the Einstein equations
at t0. We extend the spacetime metric off t0 by requiring it to be t-independent
and fA by requiring it to satisfy (2.29) for all times. This constructs a space-
time (M, gµν) which is axisymmetric and stationary and a configuration which
is axially symmetric and helical. Thus, by the discussion in section 2.2, the asso-
ciated energy momentum tensor is time independent. This shows that (M, gµν)
together with the configuration fA provide a solution to the full Einstein equa-
tions. 
We remark that the solutions we have found are static exactly when Ω = 0.
4.5. Orthogonal Transitivity. Let (M, gµν) be a stationary spacetime con-
taining a rotating elastic body as constructed in Theorem 4.6. We have shown
in section 4 that (M, gµν) admits a two-parameter, abelian group of isometries,
generated by the Killing fields ξµ, ηµ. In fact, since ηµ is the pullback of the
axial vector field acting on the body, the group can be taken to be the cylinder
R×S1. The question arises if this group acts orthogonally transitively onM, as
is the case for perfect fluids. Recall that a group acts orthogonally transitively
if the the distribution perpendicular to the generators of the group action is
Frobenius integrable.
Define ωµνλ = 3ξ[µ∇νξλ] and let ω′µνλ be defined with respect to ηµ in the
analogous manner. Orthogonal transitivity is equivalent to the conditions
η[ρωµνλ] = 0 , (4.24a)
ξ[ρω
′
µνλ] = 0 , (4.24b)
see [3, (2.53)]. The spacetimes constructed in this paper have metrics which
fail to be smooth at the boundary of the body f−1(B).
Proposition 4.7. Let (M, gµν) be a stationary spacetime containing a rotating
elastic body as in Theorem 4.6. , with stationary and axial Killing fields ξµ, ηµ.
Then, if Ω > 0 is sufficiently small, equation (4.24) holds in M.
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Proof. The conditions (4.24) can be restated in the space manifold M as
e2Uη[iωjk] = 0 , (4.25a)
e−2Uη[iDjηk] + αη[iωjk] = 0 . (4.25b)
Here ωij = ∂[iψj] and α = ξ
µηµ, as above. Equations [3, (2.60),(2.61)] are
equivalent to (4.25) but written in terms of a different representation of the
spacetime metric.
By [3, equations (2.51)-(2.52)], we have
4∇µ(η[ρωµνλ]) = 6ξµRµ[νξληρ] , (4.26a)
4∇µ(ξ[ρω′µνλ]) = −6ηµRµ[νξληρ] . (4.26b)
It follows that
∇µ(η[ρωµνλ] − Ωξ[ρω′µνλ]) = 12πG(ξµ +Ωηµ)Tµ[νξληρ] . (4.27)
Since the velocity vector uµ = b−1(ξµ+Ωηµ), see equation (2.28), is an eigenvec-
tor of the stress energy tensor, cf. equation (2.1), the right hand side of (4.27)
is zero. The left hand side of (4.27) is the divergence of a 4-form, i.e. in terms
of the exterior derivative and the Hodge dual, we have an equation of the form
⋆ d ⋆α = 0. In particular, ⋆α is a scalar function which is constant, d ⋆α = 0.
In the situation under consideration, α vanishes on the axis x1 = x2 = 0, and
hence it is zero everywhere. In this argument we made use of the fact that uµ
is well defined in all of f−1(B). This holds for sufficiently small values of Ω,
since then the vector field ξµ+Ωηµ is timelike in all of f−1(B). In terms of the
space manifold M , we have shown that
Ωη[iDjηk] − e4U (1− Ωe−2Uα)η[iωjk] = 0 . (4.28)
This can of course also be checked directly from the three dimensional field
equations. Note that relation (4.28) becomes vacuous in the static case Ω = 0.
By the above argument we have shown that the two equations (4.25) are
linearly dependent if Ω 6= 0. Thus, in order to show that both equations in
(4.25) hold, it is sufficient to show that η[iDjηk] = 0. To see this we argue as
follows. It follows from the axisymmetry of the body that there is a discrete
isometry Σ of (B, δB), consisting of reflections in planes containing the X3 axis,
which maps ηA to −ηA. An explicit choice of Σ is given by
Σ(X1,X2,X3) = (−X1,X2,X3) .
By corollary 4.4, and the construction of ηi, we have that the diffeomorphism
σ of M defined by Σ ◦ i = σ ◦ i is an isometry of hij , which has the property
that (σ∗η)
i = −ηi. We can now conclude that reflections at planes through the
x3-axis preserve both U and hij and send both ψi and η
i to their respective
negatives. So in particular these transformations preserve vectors tangent to
these planes, and since they send ηi to −ηi and preserve inner products, ηi has
to be orthogonal to these planes. Consequently ηi is hypersurface orthogonal,
i.e.
η[iDjηk] = 0 . (4.29)
It follows, using (4.28), that (4.25) holds. 
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Remark 4.1. Recall the identity valid for Killing vectors
3Di(η[iDjηk]) = 2η[jRk]l η
l . (4.30)
Inserting (4.30) into (2.14c), using (2.27,2.26a) and finally (4.28), there results
3Di[(1 − Ωe−2Uα) 13 η[iDjηk]] = 16πG(1 − Ωe−2Uα)
1
3 ηiτi[jηk] . (4.31)
Thus we have inferred that ηi is an eigenvector of the stress tensor. This latter
fact could have also been shown directly from the reflection symmetry without
using the Einstein equations.
Remark 4.2. In the case of a smooth spacetime, it follows from (4.24) and the
Frobenius theorem that the distribution perpendicular to ξµ, ηµ is integrable, in
the sense that there are smooth 2-surfaces inM orthogonal to the span of ξµ, ηµ.
The spacetimes constructed in Theorem 4.6 have in this paper shown to be W 2,p
loc
.
Although the spacetimes containing a rotating body can in fact be shown to be
real analytic away from the boundary of the body, f−1(∂B), a further analysis
is needed to show that an appropriate version of the Frobenius theorem applies.
This question will be studied in a later paper.
Appendix A. Proof of Lemma 2.1
We have Λ = e3Uρ. From
Tµν = 2
∂Λ
∂gµν
− Λgµν ,
we get
∂Λ
∂gµν
=
1
2
(Tµν + Λgµν) .
Using the form of gµν , cf. (2.5), we have
∂gµν
∂hij
∂µ∂ν = e
2U (∂i∂j − ψiψj∂2t ) ,
∂gµν
∂ψi
∂µ∂ν = e
2U (−2∂i∂t + 2ψi∂2t ) ,
∂gµν
∂U
∂µ∂ν = 2g
µν∂µ∂ν + 4e
−2U∂2t .
Define τ, τi, τij by
Tµν = τ(dt+ ψidx
i)2 + 2τjdx
j(dt+ ψidx
i) + τijdx
idxj .
Then,
Tij = τij + 2τ(iψj) + τψiψj ,
T0i = τi + τψi ,
T00 = τ ,
Tµ
µ = −e−2Uτ + e2U τℓℓ .
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We calculate
eU (2
∂ρ
∂hij
− ρhij) = e−2U (2 ∂Λ
∂hij
− Λhij)
= e−2U (2
∂Λ
∂gµν
∂gµν
∂hij
− Λhij)
= e−2U [(Tµν + Λgµν)
∂gµν
∂hij
− Λhij)
= Tij − T00ψiψj + Λ(gij − g00ψiψj)− Λe−2Uhij
= τij ,
eU
∂ρ
∂ψi
= e−2U
∂Λ
∂ψi
= e−2U
∂Λ
∂gµν
∂gµν
∂ψi
= e−2U
1
2
(Tµν +Λgµν)
∂gµν
∂ψi
= −Ti0 + ψiT00 − Λgi0 + Λψig00
= −τi ,
eU (
∂ρ
∂U
+ ρ) = e−2U (
∂Λ
∂gµν
∂gµν
∂U
− 2Λ)
= e−2U (
1
2
(Tµν + Λgµν)
∂gµν
∂U
− 2Λ)
= e−2U ((Tµν +Λgµν)(g
µν + 2e−2U δµ0δ
ν
0)− 2Λ)
= e−2U (Tµ
µ + 4Λ + 2e−2UT00 + 2e
−2UΛg00 − 2Λ)
= e−2U (Tµ
µ + 2e−2UT00)
= e−4U τ + τℓ
ℓ .
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